A b s t r ac t . Let N be a finite group of odd order and A a finite group that acts on N such that |N | and |A| are coprime. Isaacs constructed a natural correspondence between the set Irr A (N ) of irreducible complex characters invariant under the action of A, and the set Irr(C N (A)). We show that this correspondence preserves Schur indices over the rational numbers Q. Moreover, suppose that the semidirect product AN is a normal subgroup of the finite group G and set U = N G (A). Let χ ∈ Irr A (N ) and χ * ∈ Irr(C N (A)) correspond. Then there is a canonical bijection between Irr(G | χ) and Irr(U | χ * ) preserving Schur indices. We also give simplified and more conceptual proofs of (known) character correspondences above fully ramified sections.
I n t ro d u c t i o n
Let G be a finite group and let L ⊆ K be normal subgroups of G. Suppose ϕ ∈ Irr L is fully ramified in K. This means that ϕ is invariant in K and that there is a unique irreducible character ϑ ∈ Irr K lying above ϑ. This situation occurs naturally in the character theory of finite solvable groups, and a number of authors has studied this situation [4, 8, 10, 11, 19, 20] . Under additional conditions, there is a subgroup H G with G = KH and K ∩H = L (see Figure 1) , and a correspondence between Irr(G | ϕ) and Irr(H | ϕ). In particular, Isaacs [8] constructs such a bijection,
when K/L is abelian of odd order. He shows that there is a canonical character ψ defined on H/L, all of whose values are nonzero, and that the equation χ H = ψξ does define a bijection between χ ∈ Irr(G | ϕ) and ξ ∈ Irr(H | ϕ). The construction of the character ψ is rather lengthy and intricate.
In this paper, we show that the results of Isaacs can be deduced from our theory of "magic representations" [14, 15] . In fact, this theory arose from an attempt to better understand the correspondence of Isaacs. The idea is as follows: Suppose ϕ is invariant in G. Let e ϕ be the central primitive idempotent of CL associated with ϕ. Since ϕ is fully ramified in K, we have e ϕ = e ϑ , where {ϑ} = Irr(K | ϕ). (In fact, this is equivalent to ϕ being fully ramified in K.) Set S = (CKe ϕ ) L = C CKeϕ (L). Then S ∼ = M n (C). The factor group G/L acts on S. Since all automorphisms of S ∼ = M n (C) are inner automorphisms, there is σ(x) ∈ S * for each x ∈ G/L such that s x = s σ(x) for all s ∈ S. This yields a projective representation σ : G/L → S. If we can choose the σ(x) such that the restriction of σ to H/L is an ordinary group representation, then we call σ : H/L → S a magic representation. It is fairly easy to show that CGe ϕ ∼ = M n (CHe ϕ ) when a magic representation exists. This explains the existence of a character correspondence. If ψ is the character of σ, then χ H = ψξ for corresponding χ ∈ Irr(G | ϕ) and ξ ∈ Irr(H | ϕ).
These results apply to character fives in general. They are explained in Section 4. (Sections 2-3 contain preliminary material.) Section 5 contains results about magic representations for character fives. In Section 6, we give a very short and easy proof of a result including some results of Lewis [19, 20] . In Section 7, we show that there is a magic representation when K/L is abelian of odd order. In Section 8, we show that there is a canonical choice for the magic representation, thereby proving the existence of a canonical bijection. These two sections yield a new proof of Isaacs' result [8] .
The approach described so far works in fact for smaller fields than C, but the field has to contain the values of ϕ. In a second part of the paper, we drop the assumption that the field contains the values of ϕ. We also drop the assumption that ϕ is invariant in G. There is a unique central primitive idempotent, f , in QL, such that ϕ(f ) = 0. Using Clifford theory, one sees that it is no loss of generality to assume that f is invariant in G. This means that the Galois orbit of ϕ is invariant in G, but ϕ itself may not be invariant. We are able to construct an explicit isomorphism QGf ∼ = M n (QHf ), when K/L is abelian of odd order, and an additional condition is given (Theorem 10.3). The proof of this result, which occupies Sections 11 and 13, may be considered as the heart of this paper. The proof relies on the approach using magic representations.
The assumption that ϕ is fully ramified in K may be skipped. The more general result follows from Theorem 10.3 by reduction arguments that are more or less standard. (However, the "going down" theorem for semi-invariant characters, Proposition 14.2, might be new. ) Isaacs [8] gave two applications of his study of fully ramified sections. The first is now known as the Isaacs part of the Glauberman-Isaacs correspondence: Suppose a group, A, acts on another group, N, such that |A| and |N | are relatively prime. In case |N | is odd, Isaacs constructed a natural correspondence between Irr A (N ), the set of irreducible characters of N invariant under the action of A, and Irr C N (A). As an application of our results, we get that this correspondence preserves Schur indices over all fields. (This is wrong for the Glauberman correspondence, as the example of the quaternion group with a C 3 acting on it shows.) Even more is true: Suppose that the semidirect product, AN , is an invariant subgroup of some finite group G. Set U = N G (A) and C = C N (A) = N ∩ U . Let χ ∈ Irr A (N ) and let χ * ∈ Irr C be its Isaacs correspondent. There is a unique primitive idempotent i in (QN ) G = C QN (G) such that χ(i) = 0, and a similar defined idempotent i * in (QC) U . Then QGi ∼ = M n (QU i * ), with n = χ(1)/χ * (1), and there is a canonical correspondence between Irr(G | χ) and Irr(U | χ * ). In his second application, Isaacs constructed, for a group G of odd order, a bijection between the the set of irreducible characters of G with degree not divisible by a given prime p, and the set of such characters of the normalizer of a Sylow p-subgroup, thereby proving the McKay conjecture for groups of odd order. Let us
F i g u r e 2 . Above the Isaacs correspondence mention that Turull [26, 28] showed that this bijection preserves Schur indices over any field, if |G| is odd. His arguments are, however, quite different from those given here.
G o o d e l e m e n t s
We review the concept of good elements introduced by Gallagher [6, p. 177] . It is related to a bilinear form introduced by Isaacs [8] (Isaacs attributes the form to Dade). Let L G. Suppose that ϕ ∈ Irr L is invariant in G and let F be a field containing the values of ϕ. Let e ϕ be the central primitive idempotent in FL associated with ϕ. Then any g ∈ G acts on FLe ϕ by conjugation. Since FLe ϕ is central simple, by the Skolem-Noether theorem there is c g ∈ (FLe ϕ ) * such that a g = a cg for all a ∈ FLe ϕ . The element c g is determined up to multiplication with elements of F by this property.
If x, y ∈ G with [x, y] ∈ L then [x, y]e ϕ and [c x , c y ] induce the same action (by conjugation) on FLe ϕ and so these elements differ by some scalar. We denote this scalar by x, y ϕ ∈ F. So by definition,
This definition is independent of the choice of c x and c y , since this choice is unique up to multiplication with scalars.
Alternatively, assume that ϕ is afforded by a representation ρ :
, and thus it is a scalar matrix. Define x, y ϕ by
Since the restriction of ρ to FLe ϕ is an isomorphism between FLe ϕ and M ϕ(1) (F), both definitions agree. From the first definition we see, however, that x, y ϕ ∈ Q(ϕ), while for the second we have to assume that ϕ is afforded by a representation over F. On the other hand the second definition works for absolutely irreducible representations over fields of any characteristic.
Isaacs' definition [8, p. 596 ] is different, but from the definition given here it is easier to prove that , ϕ is indeed a bilinear alternating form. (I learned this definition from Knörr.) In most of this work, ϕ will be fixed, and so we drop the index if no confusion can arise.
Proof. All assertions can be verified with routine calculations using commutator identities.
In particular, , is constant on cosets of L, so we may view , as being defined on certain elements of G/L × G/L, and we will do so whenever convenient.
Another trivial remark is this: Suppose that another group, A, acts on G (we use exponential notation g a for the action) and
x a ∈ L, the form x, a ϕ is still defined. This is clear since we may work in the semidirect product AG, with the usual identifications of G, L and A with subgroups of the semidirect product. So we will sometimes use the notation x, a ϕ in this more general situation without further explanation.
The definition of the form given by Isaacs [8, p. 596] was from the next lemma for H = L, h . It shows that the form can be computed using only characters.
Lemma. Let L H G and χ be a classfunction of H with all its irreducible constituents lying over ϕ. Let h ∈ H and g ∈ G with
Proof. We work in the subgroup L, h of H. Writing χ L,h as a linear combination of irreducible characters lying above ϕ, we see that it is no loss to assume that H = L, h , and that χ is irreducible. Since H/L is then cyclic and χ ∈ Irr(H | ϕ), in fact χ extends ϕ. Let ρ : H → M ϕ(1) (C) be a representation affording χ that extends the representation ρ affording ϕ.
Taking the trace yields the desired result.
We continue to assume that ϕ ∈ Irr L is invariant in G, where L G, and F is a field containing the values of ϕ. We review some known material that yields other ways to compute the form , ϕ . Remember that A = FGe ϕ is naturally graded by the group G/L:
A graded unit of S is a unit of S that is contained in some S x . The set of all graded units of a graded algebra forms a group. It is well known that in the situation at hand, S x contains units for all x ∈ G/L. Namely, for g ∈ G there is c g ∈ FLe ϕ with a g = a cg for all a ∈ FLe ϕ , and then s g := c −1
where the first equality follows since s g and c h ∈ A 1 commute, and the third equality follows since c 
By Lemma 2.1, g ∈ G is (H-ϕ-) good if and only if any other element of Lg is. Also if g is H-good, then any H-conjugate of g is H-good. We can thus speak of good conjugacy-classes of G/L. Lemma 2.2 has the following consequence:
The following result is due to Gallagher [6] :
For later use, we prove the following simple lemma which is essentially due to Isaacs [8, p. 600]:
3. C h a r ac t e r f i v e s First we remind the reader of some easy and well known equivalent conditions for a character to be fully ramified.
Then the following assertions are equivalent:
Proof. By Lemma 2.6, |Irr(K | ϕ)| equals the number of good conjugacy classes of K/L, when ϕ is invariant in K. This yields the equivalence of the third and the sixth condition. The equivalence of the other conditions is well known and easy to establish.
If ϕ has these properties, we say that ϕ is fully ramified in K. We remark that Howlett and Isaacs [7] have proved, using the classification of finite simple groups, that K/L is solvable if some ϕ ∈ Irr L is fully ramified in K.
An interesting consequence of the last condition of the lemma is the following: Remark. Corollary 3.2 is false if K/L is not abelian: Namely, let C be a cyclic group of order p a+1 and let P be the Sylow p-subgroup of Aut C. Then |P | = p a . Let K be the semidirect product of P and C. Then it is not difficult to see that L = Z(K) ⊆ P has order p and that the faithful characters of L are fully ramified in K. Clearly, K/L has exponent p a . In general, if p is a prime dividing |K/L|, then Q(ϕ) must contain the p-th roots of unity, and that is all that can be said.
L is central simple with dimension |K/L| over
F.
Proof. S is a twisted group algebra of K/L over F (see the discussion before Lemma 2.3), that is, S = x∈K/L Fs x and dim F S = |K/L|. Since Irr(K | ϕ) contains only one irreducible character, S must be simple.
The following definition describes the situation we will be concerned with in this paper:
K are normal subgroups of G, and ϕ ∈ Irr L is fully ramified in K, and {ϑ} = Irr(K | ϕ). Moreover, we assume that ϕ is invariant in G. An abelian (nilpotent, solvable) character five is a character five (G, K, L, ϑ, ϕ) with K/L abelian (nilpotent, solvable 1 ).
The term character five is due to Isaacs [8] , but observe that he defines a character five to be abelian, and he only considers character fives where K/L is abelian. Since some of our results are valid when K/L is not abelian, we drop the hypothesis of commutativity of K/L from the definition of a character five. We hope that this change of terminology will not cause too much confusion.
4. C h a r ac t e r c o r r e s p o n d e n c e s f o r c h a r ac t e r f i v e s Now let (G, K, L, ϑ, ϕ) be a character five and assume there exists a subgroup
Let F be a field containing the values of ϕ (and thus of ϑ). We now review the theory of "magic representations" [15] , that allows to construct an isomorphism ε :
If F is big enough (for example, if ϑ and ϕ are afforded by F-representations), then S ∼ = M n (F). Assume this and let E = {E ij | i, j = 1, . . . , n} be a full set of matrix units in S. (By this, we mean that E ij E kl = δ jk E il and 1 S = n i=1 E ii .) Set A = FGe ϕ . By a well known 1 Of course, by the before-mentioned result of Howlett and Isaacs [7] , every character five is solvable.
ring theoretic result [16, pp. 17.4-17 .6], we have that A ∼ = M n (C), where C = C A (E). It is clear that S as F-space is generated by E, and thus C A (E) = C A (S).
Write A = x∈G/K A x with A Kg = FKge ϕ . This defines a grading of A. The subalgebra C inherits that grading: for C x = C Ax (S), we have C = x∈G/K C x . The above isomorphism is one of graded algebras: 
The character of a magic representation, that is the function ψ :
Note that a magic representation is determined by the definition up to multiplication with a linear character of H/L. 
is an algebra-homomorphism and induces an isomorphism FHe ϕ ∼ = C. The isomorphism respects the H/L-grading of C and FHe ϕ .
Proof. [15, Theorem 3.8] The reader should note that κ restricted to FL is just multiplication with e ϕ , since σ(1) = e ϕ . Using this, the proof of Theorem 4.3 is straightforward. 
Corollary. If there is a magic representation for the character five
Proof. The second equation is clear. Without loss of generality, we can assume that
has trace tr(σ −1 ) tr(σ), as an easy computation with matrix units shows. Now we use as basis of S a set of graded units
a ∈ Fs x a is a multiple of another basis element and so it contributes nothing to the trace of κ. Applying the proposition to a magic representation of a character five yields the absolute value of a magic character. This generalizes a result of Isaacs [8, Theorem 3.5].
Corollary. If (G, K, L, ϑ, ϕ) is a character five and ψ a magic character of this character five, defined on a complement
Next we will show that there is, if the field is big enough, a finite group P , such that S = (FKe ϕ ) L ∼ = FP e µ , where µ ∈ Lin(Z(P )). This follows of course at once from the theory of projective representations, but we need to take into account the action of G on S and so we review this in detail.
Remember that S has a natural grading S = x∈K/L S x by the group K/L, and that each component has the form S x = Fs x , where s x is a unit of S. In particular,
Following Dade [2, 3] , we call this central extension the Clifford extension associated with (K, L, ϕ) over F. The epimorphism ε sends elements of
this is Lemma 2.3. In particular, if ϕ is fully ramified in K, then Ker ε = Z(Ω).
The group G (even G/L) acts on Ω and centralizes Ker ε ∼ = F * . Obviously, Ω generates S (as F-algebra, even as ring), and so we might realize S as factor algebra of the group algebra FΩ. Of course, Ω is infinite.
Lemma. Hold the above notation and let F be algebraically closed. Set
Then P has the following properties:
F is algebraically closed, there is an o(x)-th root, α, of λ in F. Thus α −1 s has indeed order o(x). This holds for any x ∈ K/L and thus P covers K/L. It is also clear that P is invariant under G.
To see that P is finite, choose s x ∈ S x with o(s x ) = o(x) for any x ∈ K/L. Then P is generated by the s x and the exp(K/L)-th roots of unity in F. We have If F is not algebraically closed, than an admissible subgroup may or may not exist. There are, however, other conditions that ensure the existence of such a group (see Lemma 13.1 below).
Lemma. Let P be an admissible subgroup of the character five
Proof. Z is the kernel of P → K/L and thus P/Z ∼ = K/L. That Z = Z(P ) follows from Z(Ω) = F * and Ω = P Z(Ω). Note that z = ze ϕ = µ(z)e ϕ for z ∈ Z. The natural map FP → S sends the central idempotent e µ = (1/|Z|) z∈Z µ(z −1 )z of FP to e ϕ , and sends all the other central idempotents of FZ to zero. As FP → S is clearly surjective, S is isomorphic to a factor ring of FP e µ , but since dim F S = |K/L| = |P/Z| = dim F FP e µ , it follows that FP e µ ∼ = S.
Let us illustrate how this can be used.
Proposition. Let (G, K, L, ϑ, ϕ) be a character five and suppose that
L is a magic representation. Suppose that the order of x ∈ H/L is relatively prime to |K/L| and that det(σ(x)) = 1. Then ψ(x) = tr(σ(x)) is rational.
Proof. Let P be the group defined in Lemma 5.3 (over C) and µ ∈ Lin Z(P ) be the linear character defined in Lemma 5.5.
Let F = Q(µ) and let T be the F-subalgebra of S = (CKe ϕ ) L generated by P , so that T ∼ = FP e µ naturally and
is prime to dim T and x acts on T , there is a unique element τ ∈ T such that the following conditions hold:
The first condition is then in fact true for all t ∈ S, and τ is unique in S subject to these conditions. However, σ(x) fulfills these conditions, so it follows that σ(x) ∈ T and thus ψ(x) ∈ F.
On the other hand, the eigenvalues of σ(x) lie in a field E obtained by adjoining a primitive o(x)-th root of unity to Q, and thus ψ(x) ∈ E. Since F is obtained from Q Proof. By the Schur-Zassenhaus Theorem, there is a complement
L lifts uniquely to a magic representation with determinant 1. Let ψ be its character. By Lemma 2.7, every h ∈ H is K-good and thus ψ(h) = 0 for all h ∈ H by Corollary 5.2. The character correspondence of Theorem 4.5 is determined by the equation χ H = ψξ since ψ has no zeros. Finally, Proposition 5.6 yields that ψ is rational.
Remark. Suppose x ∈ H/L has order p
r where p is a prime. Let ω ∈ C be a primitive p r -th root of 1. Then ω − 1 ∈ P for any prime ideal P of Z[ω] with P ∩ Z = pZ. It follows that ψ(x) ≡ ψ(1) mod P. This holds for any character and is well known. Since here ψ(x) is rational, we even have that
If p is an odd prime, then ψ(x) is completely determined by the two conditions
We emphasize that we need only the character ψ to compute the correspondence: Proof. By Proposition 5.6 we know that the magic character ψ with det ψ = 1 is rational. By Corollary 5.
since β(u) is even for all u ∈ U/L. As |U/L| is odd, we conclude that (β, τ ) U/L is even. Thus every τ ∈ Irr(U/L) occurs with even multiplicity in β. Thus 1 U occurs with odd multiplicity in ψ = 1 U + β, while all other constituents occur with even multiplicity, as claimed.
We remark that in the course of the proof we have shown that β can be divided by 2. For this we could have appealed to a more general result of Knörr [13, Proposition 1.1(iii)], but for the convenience of the reader we have repeated the simple argument here.
The following result includes two related results of Lewis [19, 20, Proof. It follows from the last result that ψ = 1 + 2γ for some character γ of H/L. From χ H = ψξ we get χ H = ξ + 2γξ. Thus ξ is the only constituent of χ H occurring with odd multiplicity.
In the next section we will see that we can remove the hypothesis of coprimeness when we add the hypothesis that K/L is abelian (and odd).
O d d a b e l i a n c h a r ac t e r f i v e s
The main goal of this and the next section is to give alternative proofs of some results due to Isaacs [8] .
Remark. We will see later that there is even a magic representation σ :
Proof of Theorem 7.1. We fix some notation needed in the proof. Set S = (CKe ϕ ) L and let Ω be the group of graded units of S (with respect to the K/L-grading of S).
be the subgroup of Ω defined in Lemma 5.3 and set Z = Z(P ). Let µ : Z → C be the linear character with z = µ(z)e ϕ . Note that by Lemma 5.5, S ∼ = CP e µ . Let A = C Aut P (Z). We split the proof into a series of lemmas.
Lemma.
There is τ ∈ A = C Aut P (Z) such that τ inverts P/Z and τ 2 = 1, and such that for I = Inn P and U = C A (τ ) we have A = IU and I ∩ U = 1. Note that the action of G on P centralizes Z(S) and thus Z, and so we have a homomorphism κ : G → A. Clearly, L is in the kernel of κ. The following observation is true for admissible subgroups of arbitrary character fives:
for all s ∈ S, in particular for s ∈ P . Thus kκ ∈ Inn P . Conversely, every p ∈ P is contained in CLk for some k ∈ K, so that the inner automorphism of P induced by p comes from conjugation with k ∈ K. This shows Kκ = Inn P . Therefore,
We keep the notation I = Inn P and U = C A (τ ), with τ as in Lemma 7.2. As before, κ : G → A is the homomorphism induced by the action of G on P . 
Thus we need to show that [c, h] = 1 for all c ∈ C, where C P is defined by
as was to be shown.
Lemma. There is a representation
This is, in principle, well known. Namely, the group P can be interpreted as a Heisenberg group, and W is the corresponding Weil representation [cf. 1, 24] . We give a proof for the sake of completeness and to show that the result is neither very deep nor difficult.
Proof of Lemma 7.6 . There is a projective representation W :
, where τ is as in Lemma 7.2. As o(τ ) = 2, we may assume, after replacing t by a suitable scalar multiple, that
is a scalar multiple of t. On the other hand, we have (tr t) 2 = |C P/Z (τ )| = 1 by Proposition 5.1. In particular, tr(t) = 0.
It follows t W (u) = t. Now let V be a simple T -module and set 
we get
Since (tr t) 2 = 1, it follows tr
It is now easy to verify that W is multiplicative. The lemma follows.
The proof of Theorem 7.1 is finished by noting that
is the desired magic representation.
T h e c a n o n i c a l m ag i c c h a r ac t e r
In the odd abelian case, it is possible to choose a canonical ψ, as Isaacs has shown. The existence and the most important properties of this canonical magic character can be derived from what we have done so far, with (I hope) simpler proofs. Some of the arguments we need are taken from the original proof, but for the convenience of the reader and the sake of completeness we repeat them here. The following is an adaption of Isaacs' definition of "canonical" [8, Definition 5.2] to our purposes. 
Proof. Let h ∈ H.
We have to show that h, If K/L is not abelian, it may happen that there is no canonical ψ even if there is a magic character. For example it may be that there are p-elements in a complement that are not good. An example where this occurs has been given by Lewis [18] . In his example, K/L is a p-group, and the complement H is unique up to conjugacy. Proof. (cf. Isaacs [8, Theorem 5.3] .) Let P , A, τ ∈ A and U = C A (τ ) be as in the proof of Theorem 7.1. It suffices to show that we may choose the W : U → CP e µ in Lemma 7.6 such that its character, which we still call ψ, is canonical.
First, let W be any representation as in Lemma 7.6, and let ψ be its character. We can assume that ψ has π-order. As τ ∈ Z(U ), we can write ψ = ψ + + ψ − where ψ + (τ ) = ψ + (1) and ψ − (τ ) = −ψ − (1).
Let V U with |V | odd and take v ∈ V . As τ centralizes v and v has odd order,
where λ ∈ Lin V . The sign depends not on V , but only on wether ψ + (1) > ψ − (1) or ψ + (1) < ψ − (1). We conclude
This equation shows that λ is the only constituent of ψ V occuring with odd multiplicity. Taking determinants in the equation yields det ψ V = (det γ
∈ π, then (|Q|, |P/Z|) = 1 and the result follows from Corollary 6.3, applied to Q.
As in the coprime case, we get as a corollary:
ϕ) be an abelian character five with |G : L| odd. Then there is a complement H/L of K/L in G/L and a bijection between Irr(G | ϑ) and Irr(H | ϕ) where χ and ξ correspond if and only if (χ H , ξ) is odd.

We conclude this section with some results showing that the canonical magic representation has values in (Q(ϕ)Ke ϕ )
L . If α is an automorphism of the field E, then α acts on the group algebra EG by acting on coefficients
L is a magic representation, then we write 
The definition of a canonical character is invariant under field automorphisms. Thus:
Corollary. Let (G, K, L, ϑ, ϕ) be an odd abelian character five with canonical magic character ψ, and let α be a field automorphism. Then ψ α is the canonical magic character associated with the character five (G, K, L, ϑ
α , ϕ α ).
Corollary. The image of the canonical magic representation is contained in
(Q(ϕ)Ke ϕ ) L ,
and the values of the canonical character are in Q(ϕ).
Proof. Let σ : H/L → (CKe ϕ )
L be the canonical magic representation. Let α be a field automorphism fixing Q(ϕ). Thus ϕ α = ϕ. By Proposition 8.6, σ α is a magic representation for the character five (G, K, L, ϑ, ϕ). Since σ α is canonical too, we have σ α = σ. Since this holds for all α centralizing Q(ϕ), it follows that σ(Lh) ∈ Q(ϕ)K, as was to be shown. The second assertion follows from the first. It follows that Theorem 4.5 applies with F = Q(ϕ), if we know that (Q(ϕ)Ke ϕ ) L ∼ = M n (Q(ϕ)).
S e m i -i n va r i a n t c h a r ac t e r s
We review the notion of semi-invariant characters and recall some results that we need. Throughout this section, let L G and ϕ ∈ Irr L. Let F be a field of characteristic zero. All characters are assumed to take values in some field containing F, so that expressions like F(ϕ) are defined. We need the following well known fact. 9.1. Lemma.
is the unique central primitive idempotent of FL for which ϕ(FLe) = 0. 9.2. Notation. We write e (ϕ,F) for the idempotent of Lemma 9.1. In particular, if F = F(ϕ), then e (ϕ,F) = e ϕ . 9.3. Lemma.
is an isomorphism of F-algebras.
Proof. [15, Lemma 5.3]
The following notation will be convenient: Let L G and e ∈ Z(FL) be a primitive idempotent. Let G e = {g ∈ G | e g = e} and write e G for the idempotent defined by e G := T 
FT e). Induction defines a bijection between Irr(T | e) and Irr(G | f ) that preserves field of values and Schur indices over F.
In general, G ϕ may be smaller than G e = T . For ξ ∈ Irr(G ϕ | ϕ), the field F(ξ T ) is contained in F(ξ), but may be strictly smaller. If this happens, the Schur index of ξ T over F(ξ T ) may be bigger than that of ξ. F) is invariant in G. If ϕ is semi-invariant over Q, then we say it is semi-invariant.
This definition is equivalent to the one given by Isaacs 
M a i n t h e o r e m
For convenience, we introduce some terminology.
Definition. A quintuple (G, K, L, ϑ, ϕ)
is called a semi-invariant character five, if G is a finite group, L K are normal subgroups of G, and the characters ϕ ∈ Irr L and ϑ ∈ Irr K are fully ramified with respect to each other and semi-invariant in G.
As the attentive reader will have remarked, this terminology is inconsistent with Definition 3.4, since a semi-invariant character five is not necessarily a character five in the sense of Definition 3.4. It would have been more consistent to speak of "invariant character fives", "semi-invariant character fives" and "character fives" (not necessarily semi-invariant). To avoid any ambiguity, we will speak of invariant/semiinvariant character fives from now on.
We will need one further hypothesis.
Definition. A semi-invariant character five (G, K, L, ϑ, ϕ)
with K/L abelian is said to be strongly controlled if there is N G, such that the following hold:
Thus the subgroup of the automorphism group of K/L induced by N acts coprimely and fixed point freely on K/L. I do not know whether such an assumption is really necessary for the next result. On the other hand, the assumption that |K/L| is odd is necessary, even for strongly controlled character fives. 
Theorem. Let (G, K, L, ϑ, ϕ) be a strongly controlled semi-invariant character five, such that K/L is abelian of odd order. Set f = e (ϕ,Q) . Then there is H G such that KH = G, K ∩H = L, every element of H ϕ is K-ϕ-good, and
Proposition. Assume the situation of Theorem 10.3. For every U G with K U , there is an isomorphism
The union ι of these isomorphisms has the following properties:
where ψ is the canonical magic character associated with the invariant character five (G ϕ , K, L, ϑ, ϕ).
Moreover, ι is determined uniquely by some of these properties (namely, by linearity and (e), (h) and (j)).
Proof (Uniqueness). Let ι and ι 1 be two such isometries and take a subgroup U with K U G and χ ∈ Irr(U | ϕ). By Clifford correspondence, χ = τ U for a unique τ ∈ Irr(U ϕ | ϕ). By (e), it follows that χ ι = (τ U ) ι = (τ ι ) U and similarly for ι 1 . By (j), we have τ ι = (1/ψ)τ Uϕ∩H = τ ι1 . Thus χ ι = χ ι1 . Finally, for α ∈ Aut(Q(ϕ)) any element of Irr(U | ϕ α ) has the form χ α for some χ ∈ Irr(U | ϕ), and we have
, it follows that ι = ι 1 . This shows uniqueness.
The existence will be proved in Section 13, together with Theorem 10.3. In Section 14, we use these results to show that the Isaacs half of the GlaubermanIsaacs correspondence preserves Schur indices (among other things).
11. E x i s t e n c e a n d u n i q u e n e s s o f t h e c o m p l e m e n t
In this section, we show that if a semi-invariant character five is strongly controlled, then there is a complement H/L to K/L in G/L, and that H is determined up to conjugacy by some weak additional condition. This result will not be needed in the proof of Theorem 10.3 and Proposition 10.4. In fact, in the proof of the latter results, we will give another construction of the supplement H.
We need a general lemma about the bilinear form associated with ϕ. 
It follows that
The first assertion follows. The proof of the second is similar: We may extend α E naturally to an automorphism of EG, acting trivially on G. Then we get
The proof follows.
The arguments in the proof of the next result extend those of Isaacs [10, p. 304-5] for invariant character fives.
Proposition. Let (G, K, L, ϑ, ϕ) be a strongly controlled character five with K/L abelian. Then there is a unique conjugacy class of subgroups H G such that
We claim that B G. Let b ∈ B and g ∈ G. There is α ∈ Aut(Q(ϕ)) such that ϕ αg = ϕ. Let k ∈ K. Using both parts of Lemma 11.1, we get
This establishes that B G.
Via , ϕ , the factor group C/B is isomorphic to a subgroup of Lin(K/L), and so |C/B| |K/L|. Since ϕ is fully ramified in K/L, the form , ϕ is nondegenerate on K/L, and thus we have B ∩ K = L. Therefore |K/L| = |BK/B| |C/B|. It follows BK = C and C/B ∼ = K/L. Since |C/B| = |K/L| and |N/C| are coprime, the group For uniqueness, assume that U is another subgroup having the properties in the proposition. Then In the special case where (|N/K|, |K/L|) = 1, the supplement H is determined up to conjugacy by the properties HK = G and H ∩ K = L. This can be proved using standard, purely group theoretical arguments and is well known.
M ag i c c ro s s e d r e p r e s e n tat i o n s f o r s e m i -i n va r i a n t c h a r ac t e r f i v e s
We need to review the theory of magic crossed representations, which we will use to prove the results of Section 10. For convenient reference, let us fix the following assumptions and notation:
c) for g ∈ G, let α g ∈ Aut E be the automorphism of E induced by conjugation with g, and set F = E G .
The isomorphism QKf ∼ = Q(ϕ)Ke ϕ of Lemma 9.3, given by a → ae ϕ , sends Z(QKf ) onto Z(Q(ϕ)Ke ϕ ) = Q(ϕ)e ϕ . The same is true for the centers of QLf and S. Thus Z(QKf ) = Z(QLf ) = Z(S) ∼ = Q(ϕ). The combination of Lemma 9.3 and Lemma 3.3 yields that S is central simple over E.
G acts on E by conjugation. By Lemma 9.6, Part (c), the kernel of this action is G ϕ , the inertia group of ϕ. Thus we have proved:
12.2. Lemma. We have E = Z(QLf ) = Z(S) ∼ = Q(ϕ), and S is central simple over E. G acts on E with kernel G ϕ .
To prove Theorem 10.3, we will procede as follows: First, we show that S ∼ = M n (E). Thus we find a full set of matrix units, E, in S. Then QGf ∼ = M n (C), where C = C QGf (E) is the centralizer of E in QGf . Second, we show that
To do this, we need a magic crossed representation, which generalizes a magic representation to the semi-invariant case [15] . We review this concept now.
Clearly, Aut E acts naturally on M n (E) by acting on the entries of a matrix. Thus, if an isomorphism S ∼ = M n (E) is given, it yields an action of Aut E on S. To be more concrete, let {e ij | 1 i, j n} be a set of matrix units in S. For α ∈ Aut E, define
For convenient reference, we summarize our assumptions and notation:
12.3. Hypothesis. Assume Hypothesis 12.1 and the following:
Aut E α → α ∈ Aut S denotes the action of Aut E on S with respect to a fixed set of matrix units E in S.
Now let us recall the definition of a magic crossed representation, adapted to our situation:
12.4. Definition. In the situation of 12.3, σ : H/L → S is a magic crossed representation (with respect to h → α h ), if, for all u, v ∈ H/L and s ∈ S, we have
If σ : H/L → S is a magic crossed representation, then the linear map 
is the canonical magic representation of the invariant character five
(G ϕ , K, L, ϑ, ϕ).
P ro o f o f m a i n t h e o r e m
The proof of Theorem 12.5 mimics that of Theorem 7.1. Assume Hypothesis 12.1.
L admits a natural grading by the factor group K/L:
Moreover, every component S x contains units of S. All this follows from the corresponding results for invariant character fives, via Lemma 9.3. Let
be the set of graded units of S. Then we have a central extension
The group G acts on Ω. Since ϕ is only semi-invariant, the action of G on Z(Ω) = E * may be nontrivial. Now assume the situation of Theorem 12.5. Remember that we are given a semi-invariant character five, (G, K, L, ϑ, ϕ) , with K/L abelian of odd order, which is strongly controlled, that is, there is K N G such that N/ C N (K/L) acts coprimely and fixed point freely on K/L. First we exhibit a subgroup P Ω with similar properties as in Lemma 5.3 . This is the only part of the proof of Theorem 12.5 where we use the assumption that the character five is strongly controlled. The main idea in the proof of the following lemma is taken from a paper of Turull [28] . Proof. Since N G, it follows that G normalizes P , this is (b).
The group N acts on Ω and centralizes
be the pre-image in Ω. Since N acts coprimely and fixed point freely on
Next we claim that
Let a ∈ N and s ∈ Ω k . We apply the last equation to s −1 and t = s a :
If we take for k the exponent of K/L, then Ω k = Ω and thus P = [Ω, N ] has the same exponent as K/L. It follows that Z is finite (and cyclic). Thus |P | = |K/L||Z| is finite, too. Now let v ∈ P be arbitrary and set k = o(Zv). We have seen earlier that
, and we have seen before that u has order k. This means that Z ∩ u = 1, which shows (d).
13.2. Lemma. Let P Ω be a group satisfying Properties (a)-(c) of Lemma 13.1, and set Z = P ∩ E. Let µ : Z → Q(ϕ) be the restriction of the central character of
Proof. Part (a) follows from applying the isomorphism of Lemma 9.3. Part (c) and Z = Z(P ) then follows from Lemma 5.5. That the isomorphism P/Z ∼ = K/L respects the action of G is clear. Finally, the form , :
It follows that (u, v) → µ( [u, v] ) is non-degenerate, and thus [ , ] itself is nondegenerate.
In the next result, Aut S denotes the set of the ring automorphisms of S, which are the automorphisms of S as Q-algebra. We could also work with the automorphisms of S as F-algebra (where F = C E (G)).
13.3. Lemma. Let P be as in Lemma 13.1 
with L in the kernel. Let
Proof. The first assertion is clear. The map C A (E) → Aut P , α → α |P , is injective, since E and P generate S as ring and A Aut S. By definition, I maps into Inn P . Conversely, every inner automorphism of P induces an inner automorphism of S, simply since P S * , and thus centralizes E = Z(S). Thus I ∼ = Inn P . If k ∈ K, then for every unit u ∈ S Lk we have s k = s u for all s ∈ S, since L centralizes S. It follows Kκ = I.
13.4.
Lemma. Let A and I be as in Lemma 13.3 . Then I is the kernel of the natural map A → Aut(P/Z) × Aut E.
Proof. Since P/Z ∼ = K/L is abelian, inner automorphisms of P centralize P/Z. Thus I is in the kernel of A → Aut(P/Z) × Aut(E). Conversely, suppose α ∈ A acts trivially on P/Z and on E. Then α centralizes also Z ⊂ E. It is known [8, Lemma 4.2] and not difficult to show that an automorphism of P centralizing P/Z and Z is inner. (Here one needs that P is a *-group in the sense of Isaacs [8, Def 4.1], which follows from Lemma 13.1, Part (d).) Thus α ∈ I as claimed.
The next lemma generalizes Lemma 7.2 to our situation, the proof is nearly the same.
13.5. Lemma. There is τ ∈ A = N Aut S (P ) such that τ inverts P/Z, centralizes E, τ 2 = 1, and
Proof. There is τ 0 ∈ Aut P of order 2, inverting P/Z and centralizing Z (Lemma 7.2 [cf. 8, Lemma 4.3]). Since S ∼ = Q(ϕ)P e µ , this τ 0 can be extended to an automorphism τ of S of order 2 and centralizing E.
Observe that τ maps to a central element of Aut(P/Z)×Aut E. Thus Iτ ∈ Z(A/I) and so I, τ A. Since I ∼ = P/Z has odd order, τ ∈ Syl 2 I, τ , and thus, by the Frattini argument, A = I C A (τ ). As τ inverts P/Z, it follows C I (τ ) = 1, as desired.
Corollary. Let
Proof. From Gκ A = U I and I = Kκ Gκ it follows Gκ = (Gκ ∩ U )I and thus G = HK. If k ∈ H ∩ K, then kκ ∈ U ∩ I = 1, and thus
That elements of H ϕ are good follows from the corresponding result for invariant ϕ (Lemma 7.5).
Note that by Proposition 11.2, the complement H is unique up to conjugacy. We will prove Theorem 12.5 for the group H of the last corollary. We now work toward finding a suitable set of matrix units in S. As X is abelian, it follows that R ∩ X is a subgroup: We have (rs)
The order of X ∩ R is |X/Z| = n. It follows that e is an idempotent. That e τ = e is clear. Next, let y ∈ Y \ Z. We claim that e y e = 0. Note that the group algebra E[X ∩ R] is contained canonically in S as subalgebra, since S = r∈R Er. We may view e and
* is a nontrivial group homomorphism from X ∩ R to E * . It follows that e y e = 0 and eye = 0. Thus we get
The result follows.
Note that the isomorphism S ∼ = M n (E) can be used to define an action of Aut E on S. The point about the next lemma is that the corresponding action homomorphism has image in U Aut S, where U = C A (τ ), as defined in Lemma 13.5. Then α → α is a monomorphism from Aut E into U = C A (τ ), and α E = α.
Proof. It is clear that
we see that ατ = τ α. Thus α ∈ C Aut S (τ ). It remains to show that α ∈ A, that is, α maps P onto itself. We do this by showing that α maps Z, Y ∩ R and X ∩ R onto itself.
It is clear that α maps Z onto itself, since α |E = α and Z is a finite subgroup of E * . Let y and r ∈ Y ∩ R. Then ye r = yr −1 er = E ry −1 ,r . Thus
with [r, x] ∈ Z. (Remember that the commutator map is bilinear in both variables.) As Z is a finite subgroup of E, there is k ∈ N with z α = z k for all z ∈ Z. Thus
Thus α maps X ∩ R onto itself. This finishes the proof that P α = P .
Let U ϕ = C U (E) with U = C A (τ ) as in Lemma 13.5, and observe that
For u ∈ U , we denote by α u the restriction of u to E = Z(S). To prove Theorem 12.5, we will show the following:
for all s ∈ S, and such that σ Uϕ : U ϕ → S is canonical in the sense of Definition 8.1.
Then Theorem 12.5 follows by composing σ and κ : H → U .
Proof of Lemma 13.10 . From the results of Section 7 it follows that there is an homomorphism σ ϕ :
L and u ∈ U ϕ (Lemma 7.6), and we may assume that σ ϕ is canonical in the sense of Definition 8.1 by the results of Section 8. By Corollary 8.8, the image of σ is contained in (
is an isomorphism (Lemma 9.3). We get a unique homomorphism σ Uϕ : U ϕ → S such that σ Uϕ (u)e ϕ = σ ϕ (u) for all u ∈ U ϕ . Moreover, for s ∈ S and u ∈ U ϕ we have s u = s σ Uϕ (u) , again by Lemma 9.3. We must extend σ Uϕ to a magic crossed representation of U .
For u ∈ U and z ∈ E, we have z αu = z u and thus α u −1 u ∈ U ϕ . Now define
Since U ϕ = Ker(u → α u ), the map σ extends σ Uϕ . For s ∈ S,
To see that σ is a crossed representation, we need the following fact:
Assuming this for the moment, we see that
where the second equation follows from (*), applied to a = α v ∈ U . To establish (*), view a ∈ U as fixed and consider the map u
a . We will show that (σ Uϕ ) a is also a canonical magic representation. From uniqueness it will then follow that ( 14. I s a ac s c o r r e s p o n d e n c e a n d S c h u r i n d i c e s 
Thus (σ
(c) ϑ L = eϕ with ϕ ∈ Irr L and e 2 = |K/L|, and F(ϑ) = F(ϕ).
Proof. Let ϕ be an irreducible constituent of ϑ L . Let T = {g ∈ G | ϕ g is Galois conjugate to ϕ over F}.
Let g ∈ G and pick α ∈ Gal(F(ϑ)/F) with
and thus
It follows that Gal(F(ϕ)/F(ϑ)) = 1, and thus F(ϑ) = F(ϕ), which is possibility (i) in situation (a).
the homomorphism of Lemma 9.6 maps K/L into the Galois group Gal(F(ϕ)/F(ϑ)). Conversely, for α ∈ Gal(F(ϕ)/F(ϑ)) we have (ϑ, ϕ α ) = (ϑ α , ϕ α ) = 1 and thus ϕ α and ϕ are conjugate in K. It follows that the homomorphism of Lemma 9.6 is onto, and thus K/L ∼ = Gal(F(ϕ)/F(ϑ)). This is situation (a)(ii). Now assume
We claim that U G. If ϑλ = ϑ, then ϑ α λ = ϑ α for field automorphisms α, as ϑ α and ϑ have the same zeros. Let g ∈ G and λ ∈ Λ. From the semi-invariance of ϑ it follows that there is α ∈ Aut F(ϑ) with ϑ αg = ϑ. Thus
Thus Λ is invariant in G, and it follows that U G.
and thus the ϑλ with λ ∈ Lin(K/L) are |K/L| different constituents of ϕ K occurring with the same multiplicity, e, so that
and it follows e = 1 (situation (b)). If U = L, then ϑ vanishes on K \L, and thus ϕ is fully ramified in K (situation (c)). It is clear that then F(ϑ) = F(ϕ).
In situation (b), we clearly have F(ϕ) F(ϑ), and
Thus 1 |F(ϑ) : F(ϕ)| |K/L|. In our intended application, we will have F(ϑ) = F(ϕ). Then the following result, probably well known, will be useful. Proof of Proposition 14.3. Let V be an absolutely irreducible module affording ϑ.
Proposition. Let H G be finite groups, K G with G = HK, and set
Then V e ϕ = V and V eφ = 0 for any otherφ ∈ Irr(L). It follows that e ϕ e ϑ = e ϑ and eφe ϑ = 0 forφ = ϕ. In particular, this holds forφ = ϕ α when 1 = α ∈ Gal(F(ϕ)/F). Since we assume that F(ϕ) = F(ϑ), it follows that e ϕ α e ϑ β = δ α,β e ϑ β for α, β ∈ Gal(F(ϕ)/F). Thus ef = e. Now a → ae maps FLf into FKe. Since FLf is simple, the map is injective, and since FLf and FKe both have dimension ϕ(1) = ϑ(1) over its center, the map is an isomorphism. Finally, for h ∈ H, we get FLf h · e = FKeh. The proof follows.
We also need a standard fact about coprime action [12, Theorems 13.27, 13.28, The proof of the second assertion is relatively elementary if K/L is abelian [10, p. 2.5] and can be reduced to that case if K/L is solvable. We will only need this case. (In the case where K/L is not solvable, the proof depends on the Glauberman correspondence.) The first assertion is easy in any case.
Proof of Theorem 14.1. Suppose G is a counterexample with |G/L| minimal.
As M/L acts coprimely and fixed point freely on K/L, it follows that above every ϕ ∈ Irr M L, there lies a unique ϑ ∈ Irr M K, and conversely (see Lemma 14.5) . Since this bijection is natural, it commutes with the action of H and with Galois action. In particular, Q(ϑ) = Q(ϕ) and H ϑ = H ϕ .
Set e 1 = e (ϑ,Q) and f 1 = e (ϕ,Q) . Let U be the stabilizer of e 1 in G. Then V = U ∩H is the stabilizer of f 1 in H. By Proposition 9.4 we have QGe ∼ = M |G:U | (QU e 1 ) and QHf ∼ = M |H:V | (QV f 1 ), and canonical character correspondences. If U < G, then induction applies and yields an isomorphism QU e 1 ∼ = M n (QV f 1 ) as in the theorem and a canonical character correspondence. This yields We may thus assume that K/L is a chief factor of G. Then, according to the "going down" result for semi-invariant characters (Proposition 14.2), one of three possibilities occurs.
First, suppose we are in Situation (a) of Proposition 14.2, so that ϕ K = ϑ. Here ϕ can not be semi-invariant in K, since this would imply Q(ϑ) < Q(ϕ) which is impossible. It follows that H is the inertia group of f . Then Proposition 9.4 applies and yields the result. Note that oddness of |K/L| was only applied in the last sentence of the proof (if solvability is assumed). Nevertheless the result is false for |K/L| even. Now assume that N is a finite group on which the group A acts. Suppose that |N | and |A| are relatively prime, and that |N | is odd. As mentioned in the introduction, Isaacs used his results on fully ramified sections to construct a correspondence between Irr A N and Irr C N (A). We call this the Isaacs correspondence. (Strictly speaking, we should call it the Isaacs part of the Glauberman-Isaacs correspondence.) We will need to recall the construction of the Isaacs correspondence in the proof of the next result. Proof. The isomorphism of Corollary 14.6 restricts to an isomorphism QN i ∼ = M n (QCi * ).
In the situation of Corollary 14.6, observe that G = N U by the Frattini argument, and that C = N ∩ U since (|A|, |N |) = 1. It follows that G/N ∼ = U/C, and it makes sense to compare the character sets above χ respective χ * . G. Navarro [23] attributes to L. Puig the question if the Clifford extensions of G/N and U/C associated to χ and χ * are isomorphic in this case. This has been answered in the affirmative by M. L. Lewis [21] . (To be exactly, he shows that the associated character triples are isomorpic, which is somewhat weaker.) Corollary 14.6 generalizes this result. If |N | even, that is, we are in the situation of the Glauberman correspondence, the result is false. However, it is true if we work over C instead of Q [5, 25, 21] . If A is a p-group, then it is true over Q p , the p-adic numbers [27] . 
